Abstract. Structural designs aspire to ensure the functionality of a system respecting specific requirements defined by engineers. Structural optimization techniques are widely used to optimize the system performances while garanteeing that specific requirements are fulfilled. However, it is worth remembering that uncertainties might affect all design quantities which can make the design problem much more arduous to solve. This paper aims to discuss the formulation of design problems under uncertainty. Several strategies might be identified when considering uncertainties in the objective and/or constraint functions. Moreover, this paper aspires to clarify the notions of robustness and reliability. After a presentation of each formulation, an academic example illustrates the different strategies and shows the main differences between results of each one. Thus, the choice of the formulation should be viewed as a crucial step of design procedure.
Introduction
During the design of a structure, engineers can aim to two main strategies. On one hand, structures have to be able to resist the environmental loads. The structure is thus characterized by an analytical or numerical model which can be used to identify the admissible designs (see e.g. [1] ). Designer can adapt the structure parameters to prevent failures and identify an appropriate design. The second strategy is the optimization of the structure which consists of maximize (resp. minimize) the performance (resp. cost) of the structure. The two strategies can obviously be coupled to constrained optimization which provides the best admissible design.
Parameters from structural design problems are in practice affected by uncertainties which may be caused by a lack of knowledge of the production condition for instance or by intrinsic uncertainties. To take into account these uncertainties in design, engineers often use simplifying hypothesis such as safety factors or considering only a reference value. Nevertheless, the variability of the uncertain parameters cannot be considered completely by these methods which can be perform accounting explicitly for uncertainties with probabilities or imprecise probabilities.
In the literature, many papers on design under uncertainty are relating to numerical methods to solve these problem (see e.g. [2] ) whereas the objective of the present paper is the clarification of problem formulations. Indeed, stochastic formulations of constraint and objective functions are described. Two main notions are explained: robustness which is habitually associated with the consideration of uncertainties in objective functions and reliability which is based on the introduction in the constraint functions. The proposed classification presented in Table 1 is based on an overview of the literature on the topic (see e.g. [3, 4] ).
The paper is structured as follows: section 2 discusses the general concept of uncertainties and also proposes our classification of design formulations. Based on this classification, section 3 presents three deterministic design formulations. Section 4 introduces five formulations for design under uncertainty. An academic example then compares the results obtained from each formulation in section 5. Finally, some conclusions are drawn in section 6.
Design under uncertainty

Sources of uncertainty and their classification
Engineers face uncertainties during the design process, which might affect any parameter. Two catergories are commonly identify in the structural engineering community, namely aleatory or random uncertainties and epistemic uncertainties, see e.g. [5, 6] . On one hand, aleatory or random uncertainties refer to those that cannot be reduced by introducing additional data or improving the modeling process. They therefore should be viewed as inherent or intrinsic to the considered phenomenon and, as Beyer and Sendhoff [5] pointed out, "the designer has to "live with them" and optimize his design according to this reality". On the other hand, epistemic uncertainties are only due to a lack of knowledge of the studied phenomenon or system behavior, and could therefore be reduced if some conceivable efforts are undertaken.
In a design framework, another classification for uncertainties might be proposed, as suggested by several authors [5, 7] . From their standpoint, uncertainties can be distinguished depending on whether they can be acted upon or not in the design phase:
• Type I uncertainties are primitively linked to the environment and conditions of use. The variables that show this type of uncertainty are hereafter noted in the series P j (ω), j = 1, ..., m and stored in vector P(ω). They do not play a role in the design procedure, i.e. they are independent from it, and as such they are not design variables.
• System function uncertainties are those linked to the evaluation of the performance (or output) of the system. In this paper, these uncertainties are also gathered in vector P(ω).
• Feasibility uncertainties are associated with uncertainties on the constraint functionsand have hence an influence on the definition of the design space. These uncertainties are also considered as model uncertainties and grouped in vector P(ω).
• Type II uncertainties are those connected with the production/ manufacturing process. Geometrical variables noted X i (ω), i = 1, ..., n (and stored in vector X(ω)) are usually linked to this type of uncertainty. They are part of the design variables which might affect the performance of the system.
Consideration of uncertainties in engineering
In the design process, uncertainties can be considered by two approaches. The first approach is the conversion of each uncertain parameter into a reference value. The stochastic problem thus becomes a deterministic problem. The so-called worst-case method permits to identify this reference value. Indeed, in this method, uncertain parameters are assumed to be bounded, and the bound of each variable associated with the worst scenario is identified. In tolerance analysis, this method is commonly used (see e.g. [8] ) because each dimensions are uncertain and the tolerance intervals provide suitable bounds. However, this strategy is not applicable to general problems and the identification of the bounds may be a complex task. The second method to convert a random variable into a deterministic parameter consists of weighting each uncertain parameter by a safety factor commonly, which depends on the importance of the variable. With this method, unbounded variable can also be treated.
The second approach is the explicit consideration of uncertainties which are characterized by a mathematical representation. The variation of uncertain parameters can thus be taken entirely into account and it allows the propagation uncertainties to the response of the structure. Several approaches may be used to realize this characterization. The probabilistic approach defines each uncertain variable by a distribution function (see e.g. [9] ) and it is commonly used in mechanical design (see e.g. [10] ). An alternative approach is imprecise probabilities. The possibilistic approach defines uncertain parameters by their possibility distributions, as detailed e.g. by Zadeh [?] . Another method is using fuzzy sets to characterize uncertainties (see e.g.
[?]).
Design requirements
In design processes, the state of mechanical system's performances can be characterized by two different functions. First, the objective-type functions f (X(ω), P(ω)) aim to quantify the performances of the mechanical system. Hence, optimization consist of maximizing the performances of the system (e.g. quality level), minimizing the cost or targeting a reference value. Other design-related functions are the constraint-type functions g(X(ω), P(ω)) which must be satisfied in all operating conditions to ensure the functionality of the system. These constraint functions must be achieved as closely as possible in order not to degrade the objective functions. The constraint functions are used to define the admissible space which is defined as {X ∈ R n | g(X(ω), P(ω)) ≥ 0}.
Proposed classification of design formulations
During design process, uncertainties can be accouted by several strategies, which involves multiple design problem formulations. Concepts such as reliability and robustness need to be introduced. A classification is proposed by Gang [11] who brings forward five design problem formulations. Our classification is introduced in Table 1 , where eight design formulations are considered making the distinction by taking into account uncertainties in the objective and/or the constraint functions. Robustness is defined by the faculty of a system's response to be insensitive to small variations in system parameters, and is thus associated with the objective function. When uncertainties are taken into consideration in the constraint functions, non-admissible solutions are tolerated as long as they remain rare. Reliability is therefore associated with the constraint functions; it characterizes the ability of a system to ensure its functions in a given context.
Three possible states can be defined for each output function: no function is used, a deterministic function is employed or a function subject to uncertainties is considered. Nine combinations are thus introduced according to the state of objective and constraint functions in Table 1 and are detailed in the next sections. 
Admissible design -Sizing
Sizing is the most often used scheme in design because of it ease of implementation. Indeed, the admissible design corresponds to the set of solutions that respect problem constraints and thus provides the solution space of design variables. This design formulation (Equation (1)) is completely deterministic.
However, dealing with uncertainties in an implicit manner can be realized by transforming the initial stochastic problem into a deterministic problem using the worst-case approach or the safety factors
Optimal design -Optimization without constraint
The principle of optimal design is to optimize an objective function which is not subject to constraints. This problem formulated in Equation (2) is entirely deterministic.
Industrial problems cannot be treated with this design formulation since this is an unconstrained optimization and can thus lead to non-admissible solutions (see section 3.1). However, this design formulation can be applied for mathematical applications such as for instance linear and non-linear regressions solved by the least-square method.
Optimal and admissible design -Optimization under constraint
The optimal and admissible design in the combination of the two previous formulations since using only one of the two formulations is generally insufficient for designers. Hence, the obtained design is both optimal with respect to the objective function and admissible with respect to the constraint functions (Equation (3)).
FindX OptAdm such that :
This is a classic problem of optimization under constraint without considering uncertainties, which is also called deterministic constrained optimization.
Formulation of design in an uncertain context
Reliable design
Reliable design formulation can be viewed as an extension of the admissible design problem introduced in section 3.1. In this approach, uncertainties are explicitly taken into account. They may be modeled by the probabilistic approach, as briefly recalled in section 2.2, thereby leading to an assessment of the failure probability of a system or structure and guaranteeing that it is below a given threshold value P target .X denotes therefore the mean of the probability law of X.
FindX Rel such that :
The failure probability threshold value may be fixed using a risk-based approach (e.g. [12] ) for which consequences of failure are evaluated. In the case of major failure events P target needs to be very low, whereas its value can be higher if failure events have minor consequences.
Optimal and reliable design -Reliability-Based Design Optimization
Optimal and reliable design formulation consists of optimizing a deterministic objective function subject to stochastic constraints. This design, commonly named reliability-based design optimization (RBDO), is formulated in Equation (5) as suggested by [13, 14, 15] . In this paper, RBDO is always associated with deterministic objective and probabilistic constraints.
FindX OptRel such that :
Reliability-based design optimization has been widely discussed in the literature and alternative formulations might be found where for instance uncertainties are considered in both objective and constraint functions [16, 17] .
Robust design
Such as the optimal design, robust design formulation consists of optimizing an objective function without taken any constraints into account (Equation (6)). The main difference is that uncertainties are taken into account in the objective function (Ψ) and which is thus named robust objective function.
FindX Rob such that :
The choice of formulation for the robust function is essential, since it can significantly modify the results of the optimization. Many formulations can be used for the robust function, from basic ones to more elaborate formulas such as linear combination ( [18] ), Taguchi's Mean Square Deviation ( [5, 19] ) or the Mean Square Error ( [20] ). This formulation is generally not relevant for industrial problem because of the lack of constraints.
Robust and admissible design
Robust and admissible design consists of optimizing the robust objective function (Ψ) subject to deterministic constraint functions (Equation (7)).
FindX RobAdm such that :
In this formulation, uncertainties are considered only in the objective functions, the constraint functions remain deterministic. The obtained optimum performance is also insensitive with respect to moderate variations of the variables.
Robust and reliable design
The last formulation is the robust and reliable design where uncertainties are explicitly taken into account in both objective and constraint functions (Equation (8)). Solutions are thus both robust and reliable. This formulation is sometimes called reliability-based robust design optimization (RBRDO) ( [20, 21] ).
FindX RobRel such that : X RobRel = Arg max X Ψ(X(X, ω), P(ω)) s.t. : Prob g(X(X, ω), P(ω)) ≤ 0 ≤ P target (8) This formulation might be viewed as the most complete formulation which provides the surest solutions.
Application example
This section aims to illustrate each design formulation on an academic example. The application used to highlight the effect of design formulation on the solution is the study of a cylindrical container. This container is defined by a radius R and a height h and must be able to contain a minimum of 33 cm 3 whilst using a minimum of material. The container is manufactured using metal sheet with the same thickness for each side. Hence, the constraint function is defined by Equation (9) and the objective function, which represents the area of material, is defined by Equation (10) .
The constraint function must be positive to ensure the sufficient volume of the container. The objective function must be minimized to obtain the design minimizing the quantity of material. The search of each design is bounded to 1 ≤ R ≤ 4 and 1 ≤ h ≤ 10 (cm) and results are given in Table 2 .
Deterministic design
The non-admissible domain is defined by the constraint function (Equation (9)) and is represented by a hatched area in Figure 1 . Without any constraint, the minimal quantity of material is zero, the optimal design is thus the zero solution.To best respect the constraint, the constraint function must be as close to the equality as possible. The optimal and admissible solution is thus at the limit between the admissible and non-admissible domains (see continuous curve Figure  1 ).
Design in an uncertain context
The variables R and h are modeled by Gaussian distributions with the same standard deviation of 0.5 mm, independently of their nominal value. The failure probability if set at P target = 0.1. The reliable design domain is bounded by this limit and the non-reliable domain is represented by the hatched area in Figure 2 . For robust optimization, a new objective function must be defined considering uncertainties. Here, a linear combination (Equation (11)) of the expectation (E(•)) and the standard deviation (σ(•)) of the initial objective function is chosen.
Since no constraints are taken into account, the robust design solution is the zero solution (as it happens for optimal design). As discussed previously, to best respect constraints, the equality mus be targeted by the constraint function. The obtained RBDO solution, thus, appears at the limit between the reliable and non-reliable domains (see dotted curve in Figure 1 ) whereas the robust and admissible design (resp. robust and reliable design) is at the limit between the admissible and non-admissible domains (resp. reliable and non-reliable design). The main difference between each solution is that the robust solutions are more insensitive to variations in the problem parameters.
This application shows the main differences between the formulations, which therefore should be considered as an essential component of the design process in order to obtain the desired design.
non-admissible domain 
Conclusion
In this paper, a comprehensive summary of design formulations is discussed by proposing a classification of design problems ( Table 1) . The different definitions and formulations are clarified. Designing aspires to identify admissible solutions subject to constraints, and optimizing aims to maximize performance metrics. Robustness is linked to the objective whereas reliability is associated with the constraints. The application shows that significant differences exist between each formulations. The choice of design formulation is thus a crucial step in the design procedure, and requires careful consideration.
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